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Abstract
PBZ∗–lattices are bounded lattice–ordered structures arising in the study of quantum logics, which in-
clude orthomodular lattices, as well as antiortholattices. Antiortholattices turn out not only to be directly
irreducible, but also to have directly irreducible lattice reducts. Their presence in varieties of PBZ∗–lattices
determines the lengths of the subposets of dense elements of the members of those varieties. The variety
they generate includes two disjoint infinite ascending chains of subvarieties, and the lattice of subvarieties
of the variety of pseudo–Kleene algebras can be embedded as a poset in the lattice of subvarieties of its
subvariety formed of its members that satisfy the Strong De Morgan condition. We obtain axiomatizations
for all members of a complete sublattice of the lattice of subvarieties of this latter variety axiomatized by the
Strong De Morgan identity with respect to the variety generated by antiortholattices.
Keywords: PBZ∗–lattice, orthomodular lattice, antiortholattice, (sub)direct irreducibility, lattice of sub-
varieties.
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1 Introduction
PBZ∗–lattices are the paraorthomodular Brouwer–Zadeh lattices in which the pairs of elements with their Kleene
complements satisfy the Strong De Morgan condition. As a brief recollection about their structure, they are
bounded lattices endowed with two unary operations: an involution, called Kleene complement, and the Brouwer
complement, which reverses order, is smaller than the Kleene complement, and satisfies only one of the De
Morgan laws. The equation expressing the other De Morgan law is called the Strong De Morgan property.
When one of the variables in the Strong De Morgan law is replaced by the Kleene complement of the other
variable, we obtain a weakening of the Strong De Morgan law that we call condition (∗), which is satisfied in
any PBZ∗–lattice by definition. Condition (∗) has been introduced in PBZ∗–lattices for the purpose of making
their paraorthomodularity an equational property.
PBZ∗–lattices have been introduced in [5] as abstractions for the sets of effects of complex separable Hilbert
spaces endowed with the spectral order and two kinds of complements, and, from the previous such abstrac-
tions, which include effect algebras [3], quantum MV–algebras [4] and Brouwer–Zadeh posets [2], they present
the advantage of forming a variety, which we denote by PBZL∗, and which includes the variety OML of ortho-
modular lattices considered with an extended signature, by endowing each orthomodular lattice with a second
complement equalling their Kleene complement. The variety PBZL∗ also includes the proper universal class
AOL of antiortholattices, that generates the subvariety HSP(AOL) of PBZL∗ whose intersection with OML is
the variety of Boolean algebras (with the same extended similarity type as in the case of OML), and whose join
OML∨HSP(AOL) with OML lies strictly beneath the subvariety HSP(OML⊞AOL) of PBZL∗ generated by the
horizontal sums of orthomodular lattices with antiortholattices, which in turn lies strictly beneath the proper
subvariety HSP(OML⊞HSP(AOL)) of PBZL∗ generated by the horizontal sums of orthomodular lattices with
members of the variety generated by antiortholattices [8]. In the following sections, since we work with both
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PBZ∗–lattices and reducts of theirs, for avoiding confusions, we will attach to class operators indices specifying
the variety they are considered in.
By definition, antiortholattices are the PBZ∗–lattices in which 0 and 1 are the only elements whose Kleene
complements are bounded lattice complements. Here we prove that, in distributive antiortholattices, moreover,
0 and 1 are the only elements that have bounded lattice complements; however, this property is not preserved
in the non–distributive case.
A straightforward property of antiortholattices noticed in [5] is that they are directly irreducible, and hence
they do form a proper universal class, as mentioned above. Here we prove that, moreover, their lattice reducts
are directly irreducible, and determine the directly irreducible members of the varieties OML ∨HSP(AOL) and
HSP(OML⊞ AOL).
By definition, the dense elements of a PBZ∗–lattice are its elements whose Brouwer complements equal 0
[8]. In antiortholattices, 0 is the only non–dense element, while, in orthomodular lattices, 1 is the only dense
element. Here we study the lengths of the subposets of dense elements in the subvarieties of PBZL∗; it turns out
that no subvariety of PBZL∗ which is not included in OML has an upper bound for the lengths of the subposets
of the dense elements of its members.
The PBZ∗–lattices with the 0 meet–irreducible are exactly the antiortholattices that satisfy the Strong De
Morgan condition. They generate the variety SAOL of the members of HSP(AOL) satisfying the Strong De
Morgan condition. Out of these antiortholattices, a sufficiently large system of generators for the entire variety
SAOL is the class of the antiortholattices with the 0 strictly meet–irreducible, which are ordinal sums of the
two–element chain with pseudo–Kleene algebras and again the two–element chain. We investigate the varieties
we obtain if we replace pseudo–Kleene algebras, in this system of generators, with proper subvarieties of the
variety PKA of pseudo–Kleene algebras; the operator that takes these subvarieties V of PKA to the subvarieties
of SAOL generated by the ordinal sums of the two–element chain with members of V and again the two–element
chain turns out to be a lattice embedding, and all subvarieties in the image of this operator can be relatively
axiomatized w.r.t. SAOL, thus also w.r.t. PBZL∗, based on the relative axiomatizations of the varieties V w.r.t.
PKA.
It is well known that there is an infinite ascending chain of subvarieties of OML, consisting of the varieties
HSP(MOκ) generated by the modular ortholattices MOκ of length three with 2κ atoms, for each cardinality
κ ≤ ℵ0. In the final section of this paper, we determine two disjoint infinite ascending chains of subvarieties of
the variety generated by antiortholattices: one is formed of subvarieties of the variety DIST of the distributive
PBZ∗–lattices, which is easily noticed to be a subvariety of HSP(AOL), and the other is formed of subvarieties
of the join DIST ∨ SAOL.
2 Preliminaries
In this paper, we are using the notations from [5], [6], [7], [8], along with conventions such as denoting, for any
algebra A, by A the set reduct of A, unless we mention otherwise; for instance, an exception is the case of
lattices of partitions, equivalences or congruences, which will be denoted the same as their set reducts.
We denote by N the set of the natural numbers and by N∗ = N \ {0}. The disjoint union will be denoted by
∐. For any set M , |M | will denote the cardinality of M , and Part(M) and Eq(M) will be the lattices of the
partitions and the equivalences on M , respectively, where Eq(M) is ordered by the set inclusion, while the order
≤ of Part(M) is given by: for any pi, ρ ∈ Part(M), pi ≤ ρ iff every class of ρ is a union of classes from pi, and
eq : Part(M)→ Eq(M) will be the canonical lattice isomorphism. If {M1, . . . ,Mn} ∈ Part(M) for some n ∈ N∗,
then eq({M1, . . . ,Mn}) will be streamlined to eq(M1, . . . ,Mn).
Let V be a variety of algebras of a similarity type τ , C ⊆ V, D a class of algebras with reducts in V and A
and B algebras with reducts in V. Then Di(C) and Si(C) will denote the class of the members of C which are
directly irreducible and those that are subdirectly irreducible in V, respectively. We will denote by T the trivial
subvariety of V, consisting solely of the trivial algebras from V, that is its singleton members. We will denote
by IV(D), HV(D), SV(D) and PV(D) the class of the isomorphic images, homomorphic images, subalgebras and
direct products of the τ–reducts of the members of D, respectively, and VD(C) = HVSVPV(D) will denote the
subvariety of V generated by the τ–reducts of the members of D; for any class operator OV and any M ∈ D,
OV({M}) will be streamlined to OV(M). We will abbreviate by A ∼=V B the fact that the τ–reducts of A and
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B are isomorphic. (ConV(A),∩,∨,∆A,∇A) will be the bounded lattice of the congruences of the τ–reduct of A,
and, for any n ∈ N∗ and any constants κ1, . . . , κn from τ , we denote by ConVκ1,...,κn(A) = {θ ∈ ConV(A) : (∀ i ∈
[1, n]) (κAi /θ = {κi})}, which is a complete sublattice of ConV(A) and thus a bounded lattice, according to the
straightforward [8, Lemma 2.(iii)]. If V is the variety of (bounded) lattices, then the index V will be eliminated
from the notations above. If t and u are n–ary terms over τ for some n ∈ N∗ and A1, . . . , An are subsets of A,
then we denote by A A1,...,An t(x1, . . . , xn) ≈ u(x1, . . . , xn) the fact that t
A(a1, . . . , an) ≈ uA(a1, . . . , an) for
all a1 ∈ A1, . . . , an ∈ An, where x1, . . . , xn are the variables in their order of appearance in the equation t ≈ u.
We will denote in the following way the modularity and the distributivity laws for lattices:
MOD x ∨ (y ∧ (x ∨ z)) ≈ (x ∨ y) ∧ (x ∨ z)
DIST x ∨ (y ∧ z) ≈ (x ∨ y) ∧ (x ∨ z)
For any (bounded) lattice L, ≺ will denote the cover relation of L, Ld will be the dual of L and, if L has a
0, then the set of the atoms of L will be denoted by At(L). For any a, b ∈ L, we denote by [a, b] = [a) ∩ (b] the
interval of L bounded by a and b, as well as any algebraic structure we consider on it. For all n ∈ N∗, we denote
by Dn the n–element chain, regardless of the bounded lattice–ordered structure we consider on it.
Recall that, if L is a lattice and x, y ∈ L, then (x, y) is called a splitting pair in L iff y  x and L = (x]∪ [y).
Let L be a lattice with top element 1L and M be a lattice with bottom element 0M. Recall that the ordinal
sum of L with M is the lattice obtained by stacking M on top of L and glueing the top element of L together
with the bottom element ofM. For the rigorous definition, we consider the equivalence on the disjoint union of L
with M that only collapses 1L with 0M: ε = eq({{1L, 0M}}∪{{x} : x ∈ (L\{1L})∐ (M \{0M})}) ∈ Eq(L∐M).
Since ε ∩ L2 = ∆L ∈ Con(L) and ε ∩M2 = ∆M ∈ Con(M), we can identify L with L/ε and M with M/ε
by identifying x with x/ε for every x ∈ L ∐ M . Now we define the ordinal sum of L with M to be the
lattice L ⊕ M = (L ⊕ M,≤L⊕M), where L ⊕ M = (L ∐ M)/ε, which becomes L ∪ M with the previous
identification, and ≤L⊕M=≤L ∪ ≤M ∪{(x, y) : x ∈ L, y ∈ M}. Of course, L ⊕M becomes a bounded lattice
if L and M are bounded lattices. Note that, for any α ∈ Con(L) and any β ∈ Con(M), if we denote by
α ⊕ β = eq((L/α \ {1L/α}) ∪ (M/β \ {0M/β}) ∪ {{1L/α ∪ 0M/β}}), then α ⊕ β ∈ Con(L ⊕M). Clearly, the
operation ⊕ on bounded lattices is associative, and so is the operation ⊕ on the congruences of such lattices.
Note that the map (α, β) 7→ α⊕β is a lattice isomorphism from Con(L×M) ∼= Con(L)×Con(M) to Con(L⊕M).
Now let L and M be nontrivial bounded lattices. Recall that the horizontal sum of L with M is the non–
trivial bounded lattice obtained by glueing the bottom elements of L and M together, glueing their top elements
together and letting all other elements of L be incomparable to every other element of M. For the rigorous
definition, we consider the equivalence on the disjoint union of L with M that only collapses the bottom element
of L with that of M and the top element of L with that of M: ε = eq({{0L, 0M}, {1L, 1M}} ∪ {{x} : x ∈
(L \ {0L, 1L}) ∐ (M \ {0M, 1M})}) ∈ Eq(L ∐M). Since ε ∩ L2 = ∆L ∈ Con(L) and ε ∩M
2 = ∆M ∈ Con(M),
we can identify L with L/ε and M with M/ε by identifying x with x/ε for every x ∈ L∐M . Now we define the
horizontal sum of L with M to be the nontrivial bounded lattice L⊞M = (L⊞M,≤L⊞M, 0L⊞M, 1L⊞M), where
L ⊞M = (L ∐M)/ε = L ∪M in view of the previous identification, ≤L⊞M=≤L ∪ ≤M, 0L⊞M = 0L = 0M and
1L⊞M = 1L = 1M. Note that the horizontal sum of nontrivial bounded lattices is commutative and associative,
it has D2 as a neutral element and it can be generalized to arbitrary families of nontrivial bounded lattices.
3 The Algebras and Varieties Studied in the Following Sections
See [5], [6], [7], [8] for more details on the notions that follow.
Recall that a bounded involution lattice (in brief, BI–lattice) is an algebra L = (L,∧,∨, ·′, 0, 1) of type
(2, 2, 1, 0, 0) such that (L,∧,∨, 0, 1) is a bounded lattice and ·′ : L → L is an order–reversing operation that
satisfies a′′ = a for all a ∈ L. This makes ·′ a dual lattice automorphism of L, called involution.
For any bounded lattice–ordered algebra A, we denote by Al the bounded lattice reduct of A. For any A
having a BI–lattice reduct, we denote that reduct by Abi. If C is a class of algebras having BI–lattice reducts,
then we denote by CBI = {Lbi : L ∈ C}.
A pseudo–Kleene algebra is a BI–lattice L satisfying a ∧ a′ ≤ b ∨ b′ for all a, b ∈ L. The involution of
a pseudo–Kleene algebra is called Kleene complement. Distributive pseudo–Kleene algebras are called Kleene
algebras or Kleene lattices.
3
Let L be a BI–lattice. Then we denote by S(L) = {x ∈ L : x ∨ x′ = 1} and call the elements of S(L)
sharp elements of L. The BI–lattice L is called an ortholattice iff all its elements are sharp, and it is called
an orthomodular lattice iff, for all a, b ∈ L, a ≤ b implies b = (b ∧ a′) ∨ a. By taking b = 1 in the previous
implication, we obtain that any orthomodular lattice is an ortholattice. Note, also, that any modular ortholattice
is an orthomodular lattice, and that Boolean algebras are exactly the distributive ortholattices. Clearly, any
ortholattice is a pseudo–Kleene algebra. If M is a bounded lattice, K is a BI–lattice and f is a dual lattice
isomorphism fromM toMd, then the ordinal sumM⊕Kl⊕Md becomes a a BI–lattice denotedM⊕K⊕Md when
endowed with the involution ·′M⊕K⊕M
d
defined by: ·′M⊕K⊕M
d
|M= f , ·′M⊕K⊕M
d
|K= ·′K and ·′M⊕K⊕M
d
|Md=
f−1. The BI–lattice M ⊕D1 ⊕Md will be denoted M ⊕Md, just as its bounded lattice reduct. Furthermore,
if K is a pseudo–Kleene algebra, then M ⊕K⊕Md is a pseudo–Kleene algebra.
M ⊕K⊕Md:
rr
rr
✒✑✓✏✣✢
✤✜✒✑✓✏
M
K
Md
1M⊕K⊕M
d
0M⊕K⊕M
d
= 0M
1M = 0K
1K
r
r✬
✫
✩
✪
✛
✚
✘
✙A B
1A = 1B
0A = 0B
A⊞B :
If A and B are nontrivial BI–lattices, then the horizontal sum Al ⊞ Bl becomes a BI–lattice A ⊞ B when
endowed with the involution ·′A⊞B defined by: ·′A⊞B |A= ·
′A and ·′A⊞B |B= ·
′B, which makes the BI–lattices
A and B subalgebras of A ⊞ B. Clearly, A ⊞ B is a pseudo–Kleene algebra iff A and B are pseudo–Kleene
algebras and at least one of them is an ortholattice.
A BI–lattice L is said to be paraorthomodular iff, for all a, b ∈ L, if a ≤ b and a′ ∧ b = 0, then a =
b. Algebras with BI–lattice reducts will be said to be orthomodular, respectively paraorthomodular iff their
BI–lattice reducts are such. Note that any orthomodular lattice is a paraorthomodular BI–lattice and any
paraorthomodular ortholattice is orthomodular. However, there are paraorthomodular pseudo–Kleene algebras
that are not orthomodular, for instance the diamond M3 = D
2
2 ⊞ D3 as a horizontal sum of BI–lattices,
specifically of the Boolean algebra D22 and the Kleene chain D3, which is clearly not an ortholattice. Let us also
note that, for instance, the horizontal sum of BI–chains N5 = D3 ⊞ D4 is not a pseudo–Kleene lattice. The
smallest ortholattice which is not orthomodular is the Benzene ring B6, with the Kleene complement defined as
in the following Hasse diagram, which makes it non–isomorphic with the horizontal sum of BI–chains D4 ⊞D4,
while its lattice reduct is isomorphic to the horizontal sum of bounded chains D4 ⊞D4. An example of a non–
modular orthomodular lattice is D22 ⊞D
3
2. The smallest modular ortholattice which is not a Boolean algebra is
MO2 = D
2
2 ⊞D
2
2.
N5:
r r  ❅❅❅
r rr ❅❅   
0
1
b
b′
a = a′
M3:
r
rr r
  ❅❅
❅❅   r
0
1
a a′ b = b′
B6:
rr r  ❅❅
rr r❅❅  
0
1
a b
b′ a′
D22 ⊞D
3
2:
r
rr rr ru u′
  ❅❅
❅❅  
✟✟
✟✟
✟
❍❍
❍❍
❍
❍❍❍❍❍
✟✟✟✟✟ r
rr r
  ❅❅
❅❅  
0
1
a b c
b′c′ a′
MO2:
r
rr rr r
  ❅❅
❅❅  
✟✟
✟
❍❍
❍
❍❍❍
✟✟✟
0
1
a a′b b′
A Brouwer–Zadeh lattice (in brief, BZ–lattice) is an algebra L = (L,∧,∨, ·′, ·∼, 0, 1) of type (2, 2, 1, 1, 0, 0)
such that (L,∧,∨, ·′, 0, 1) is a pseudo–Kleene algebra and ·∼ : L → L is an order–reversing operation, called
Brouwer complement, that satisfies: a ∧ a∼ = 0 and a ≤ a∼∼ = a∼′ for all a ∈ L. Note that, in any BZ–lattice
L, we have, for all a, b ∈ L: a∼∼∼ = a∼ ≤ a′, (a ∨ b)∼ = a∼ ∧ b∼ and (a ∧ b)∼ ≥ a∼ ∨ b∼.
Let us consider the following equations, out of which SDM clearly implies (∗):
(∗) (x ∧ x′)∼ ≈ x∼ ∨ x′∼
SDM (Strong De Morgan) (x ∧ y)∼ ≈ x∼ ∨ y∼
SK x ∧ y∼∼ ≤ x′∼ ∨ y
DIST x ∧ (y ∨ x) ≈ (x ∧ y) ∨ (x ∧ z)
J0 (x ∧ y∼) ∨ (x ∧ y∼∼) ≈ x
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A PBZ∗–lattice is a paraorthomodular BZ–lattice that satisfies condition (∗). PBZ∗–lattices form a variety.
In any PBZ∗–lattice L, S(L) = {a ∈ L : a′ = a∼} = {a∼ : a ∈ L} and S(L) is the universe of the largest
orthomodular subalgebra of L, so that L is orthomodular iff S(L) = L iff L  x′ ≈ x∼.
We denote by BA, MOL, OML, OL, KA, PKA, BI, BZL and PBZL∗ the varieties of Boolean algebras,
modular ortholattices, orthomodular lattices, ortholattices, Kleene algebras, pseudo–Kleene algebras, BI–lattices,
BZ –lattices and PBZ∗–lattices, respectively. By the above, OML can be identified with the subvariety {L ∈
PBZL∗ : L  x′ ≈ x∼} of PBZL∗, by endowing each orthomodular lattice, in particular every Boolean algebra,
with a Brouwer complement equalling its Kleene complement. In the same way, we can identify OL with the
subvariety {L ∈ BZL : L  x′ ≈ x∼} of BZL. Of course, with this extended signature, BA ⊂ MOL ⊂ OML ⊂
OL  SDM.
As an immediate consequence of [9, Corollary 2,p.51], for any L ∈ BZL, ConBZL(L) is a complete sublattice
of ConBI(L), hence, if Lbi is subdirectly irreducible, then so is L; see also [8]. Consequently, for any C ⊆ BZL,
Si(CBI) ⊆ Si(C)BI : the subdirectly irreducible BI–lattice reducts of members of C are among the BI–lattice
reducts of the subdirectly irreducible members of C.
If A and B are nontrivial BZ–lattices, then, exactly when at least one of A and B is an ortholattice, the
horizontal sum Abi ⊞ Bbi becomes a BZ–lattice A ⊞ B when endowed with the Brouwer complement ·∼A⊞B
defined by: ·∼A⊞B |A= ·∼A and ·∼A⊞B |B= ·∼B, which makes the BZ–lattices A and B subalgebras of A⊞B.
From this, by enforcing paraorthomodularity and condition (∗), we obtain that A⊞B is a PBZ∗–lattice exactly
when A and B are PBZ∗–lattices and at least one of them is orthomodular.
An antiortholattice is a PBZ∗–lattice L with S(L) = {0, 1}, or, equivalently, a PBZ∗–lattice L whose Brouwer
complement is trivial, that is a∼ = 0 for all a ∈ L\{0} (and, of course, 0∼ = 1, as in every BZ–lattice). Note that
any paraorthomodular pseudo–Kleene algebra L with S(L) = {0, 1}, in particular any pseudo–Kleene algebra
with the 0 meet–irreducible (which implies paraorthomodularity), in particular any Kleene chain, becomes an
antiortholattice when endowed with the trivial Brouwer complement. Moreover, clearly, in any BZ–lattice L
with the 0 meet–irreducible (which implies (∗)), the Brouwer complement is trivial, so L is an antiortholattice.
Furthermore, ifM is a nontrivial bounded lattice andK is a pseudo–Kleene algebra, then the BI–latticeM⊕K⊕
Md, endowed with the trivial Brouwer complement, becomes an antiortholattice, that we denote byM⊕K⊕Md,
as well; the antiortholattice M⊕D1 ⊕Md will be denoted M ⊕Md, as its bounded lattice reduct. We denote
by AOL the proper universal class of antiortholattices (see Section 4 below).
We also consider the following subvarieties of PBZL∗: DIST = {A ∈ PBZL∗ : A  DIST}, SDM = {A ∈
PBZL∗ : A  SDM} and SAOL = SDM ∩ VBZL(AOL).
Let M be a bounded lattice and C,D be classes of bounded, BI or BZ–lattices. Then we denote:
M⊕ C⊕Md = {M⊕K⊕Md : K ∈ C};
C⊞ D = T ∪ {A⊞B : A ∈ C \ T,B ∈ D \ T}.
By the above, if C ⊆ BI, then M⊕C⊕Md ⊆ BI, and, if M is non–trivial and C ⊆ PKA, then M⊕C⊕Md ⊂
AOL. If C,D ⊆ BI, then C⊞ D ⊆ BI; if C ⊆ OL and D ⊆ PKA, then C⊞ D ⊆ PKA; if C ⊆ OL and D ⊆ BZL,
then C⊞ D ⊆ BZL; if C ⊆ OML and D ⊆ PBZL∗, then C⊞ D ⊆ PBZL∗.
4 Direct Irreducibility in Certain Varieties of PBZ∗–lattices
Recall from [6] that antiortholattices are directly irreducible, and from [7] that, moreover, the class of the directly
irreducible members of VBZL(AOL) is AOL. Now let us see that even the lattice reducts of antiortholattices are
directly irreducible. In relation to this property, let us investigate pseudo–Kleene algebras with directly reducible
lattice reducts, as well as bounded lattice complements in lattice reducts of antiortholattices.
Lemma 4.1. If A and B are bounded lattices and L is a pseudo–Kleene algebra such that Ll = A × B, then
(0A, 1B)′L = (1A, 0B).
Proof. For brevity, we drop the superscripts. Let (0, 1)′ = (a, b) ∈ L = A× B and (1, 0)′ = (c, d) ∈ L = A×B.
Since L ∈ PKA, we have (0, b) = (0, 1)∧ (a, b) ≤ (1, 0)∨ (c, d) = (1, d) and (a, 1) = (0, 1)∨ (a, b) ≥ (1, 0)∧ (c, d) =
(c, 0), so that b ≤ d in B and a ≥ c in A. Hence (a, d) = (a, b) ∨ (c, d) = (0, 1)′ ∨ (1, 0)′ = ((0, 1) ∧ (1, 0))′ =
(0, 0)′ = (1, 1) and (c, b) = (a, b) ∧ (c, d) = (0, 1)′ ∧ (1, 0)′ = ((0, 1) ∨ (1, 0))′ = (1, 1)′ = (0, 0), thus c = 0 and
a = 1 in A, while b = 0 and d = 1 in B. Therefore (0, 1)′ = (a, b) = (1, 0).
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Remark 4.2. Any direct product of two nontrivial BI–lattices, endowed with the trivial Brouwer complement,
fails condition (∗) and has (0, 1) and (1, 0) as sharp elements. Either of the latter properties ensures that such
a direct product cannot be the BI–lattice reduct of an antiortholattice, and hence the BI–lattice reduct of any
antiortholattice is directly irreducible.
Indeed, if A,B are nontrivial BI–lattices and ·∼ : A×B → A×B is the trivial Brouwer complement, then,
in A×B, we have: (0, 1)′ = (0′, 1′) = (1, 0), so that (0, 1), (1, 0) ∈ S(A×B), and (0, 1) 6= (0, 0) 6= (1, 0), hence:
(1, 1) = (0, 0)∼ = ((0, 1)∧ (1, 0))∼ = ((0, 1)∧ (0, 1)′)∼, but (0, 1)∼ ∨ (0, 1)′∼ = (0, 1)∼ ∨ (1, 0)∼ = (0, 0)∨ (0, 0) =
(0, 0) 6= (1, 1).
Note that a BI–lattice L can be directly irreducible while Ll is directly reducible; indeed, the BI–lattice
D3 ⊞ D3, in which the incomparable elements equal their involutions, is directly irreducible, but its lattice
reduct is isomorphic to D22. However:
Proposition 4.3. The lattice reduct of any antiortholattice is directly irreducible.
Proof. Let L ∈ AOL and assume by absurdum that Ll = A×B for some nontrivial bounded lattices A and B.
Then (0, 1)′ = (1, 0) by Lemma 4.1, hence (0, 1) ∈ S(L), which contradicts the fact that L is an antiortholattice,
since (0, 1) /∈ {(0, 0), (1, 1)}.
We have used above the fact that, since an antiortholattice has no nontrivial sharp elements, the only elements
of an antiortholattice whose Kleene complements are bounded lattice complements are 0 and 1. In distributive
antiortholattices, moreover, we have no nontrivial complemented elements:
Proposition 4.4. The only complemented elements of the lattice reduct of a distributive antiortholattice are 0
and 1.
Proof. Let L be a distributive antiortholattice and assume by absurdum that, for some a, b ∈ L\{0, 1}, a∨b = 1
and a ∧ b = 0, so that a′ ∧ b′ = (a ∨ b)′ = 1′ = 0. Since Lbi ∈ PKA, we have b ∧ b′ ≤ a ∨ a′, hence
b∧ b′ = (a ∨ a′) ∧ b∧ b′ = (a∧ b∧ b′) ∨ (a′ ∧ b∧ b′) = 0∨ 0 = 0, thus b ∈ S(L), which contradicts the fact that L
is an antiortholattice.
Example 4.5. Here is a non–modular antiortholattice with other complemented elements beside 0 and 1,
namely, in the following Hasse diagram, a and a′ are bounded lattice complements of both b and b′:
r
r
rrr
r rr rr
r
0
1
c
= c′
a
u′
b
v′
vu
a′ b′
❅
❅
❅
❅
 
 
 
 
 
 
 
 
❅
❅
❅
❅
 
 
 
 
❅
❅
❅
❅
As we have noticed in [7], any pseudo–Kleene algebra with no nontrivial sharp elements is paraorthomodular
and satisfies condition (∗) when endowed with the trivial Brouwer complement, hence it becomes an antiortho-
lattice, since, clearly, any pseudo–Kleene algebra, endowed with the trivial Brouwer complement, becomes a
BZ–lattice. Thus the Hasse diagram above represents, indeed, the BI–lattice reduct of an antiortholattice.
Lemma 4.6. If L, A and B are bounded lattices such that L = A⊞B, |A| ≥ 2, |B| ≥ 2 and |L| ≥ 5, then L is
directly irreducible.
Proof. Assume by absurdum that L = K ×M for some nontrivial bounded lattices K and M. Since |L| > 4,
we have |K| > 2 or |M | > 2. Assume, for instance, that there exists a u ∈ K \ {0K, 1K}, so that (u, 1M) /∈
{0L, (0K, 1M), 1L} and (u, 0M) /∈ {0L, (1K, 0M), 1L}.
Assume, for instance, that (u, 1M) ∈ A \ {0L, 1L}, so that (u, 1M) ∨ b = 1L for every b ∈ B \ {0L, 1L}. Since
(u, 1M) ∨ (u, 0M) = (u, 1M) 6= 1L, it follows that (u, 0M) /∈ B \ {0L, 1L}, hence (u, 0M) ∈ A \ {0L, 1L}. Now
let (v, w) ∈ B \ {0L, 1L}. Then (u ∧ v, w) = (u, 1M) ∧ (v, w) = 0L and (u ∨ v, w) = (u, 0M) ∨ (v, w) = 1L, thus
0M = w = 1M, which contradicts the fact that M is nontrivial. Hence L is directly irreducible.
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Proposition 4.7. • If L ∈ (OML⊞AOL)\OML, then Ll is directly irreducible, thus L is directly irreducible.
• If L ∈ (OML ⊞ VBZL(AOL)) \ (OML ∪ VBZL(AOL)), then Ll is directly irreducible, thus L is directly
irreducible.
Proof. For any ∅ 6= C ⊆ PBZL∗, if L ∈ (OML⊞C)\ (OML∪C), then L = A⊞B for some A ∈ OML\{D1,D2}
and some B ∈ C \ {D1,D2}, so that Ll is directly irreducible by Lemma 4.6. Apply Proposition 4.3 to complete
the proof of the first statement.
Note from [7] and [8] that all members of (OML ∨ VBZL(AOL)) \ (OML ∪ AOL) are directly reducible and
all members of VBZL(OML⊞ AOL) \ (OML⊞ AOL) are directly reducible. Hence:
Corollary 4.8. • Di(OML ∨ VBZL(AOL)) = Di(OML) ∪ AOL.
• Di(VBZL(OML⊞ AOL)) = Di(OML) ∪ ((OML ⊞ AOL) \OML).
5 Lengths of the Subsemilattices of Dense Elements
Recall that the length of a poset L is the cardinality of the largest subchain of L, denoted by length(L), if such
a chain exists, and we say that a cardinality κ is an upper bound for the length of L iff L has no subchain of a
cardinality strictly greater than κ. We say that κ is an upper bound for the lengths of the members of a class
C of posets iff no member of C has a subchain of a cardinality strictly greater than κ.
Remark 5.1. Clearly, since BA has no upper bound for the lengths of its members, the only subvariety of
PBZL∗ having an upper bound for the lengths of the subalgebras of sharp elements of its members is the trivial
variety T, which is thus the only subvariety of PBZL∗ having an upper bound for the lengths of its members.
We will often use the remarks in this paper without referencing them.
In the lattice of subvarieties of PBZL∗, BA = OML ∩ VBZL(AOL) is the unique atom [5, Theorem 5.4.(2)]
and has only two covers: the subvariety VBZL(MO2) of MOL ⊂ OML [1, Corollary 3.6], and the subvariety
VBZL(D3) * OML of VBZL(AOL), because the three–element antiortholattice chain D3 is not an orthomodular
lattice and it belongs to any variety of PBZ∗–lattices which is not included in OML, according to [5, Theorem
5.5]. To summarize the above:
Lemma 5.2. [5, 6] In the lattice of subvarieties of PBZL∗:
• VBZL(D1) = T ≺ VBZL(D2) = BA ≺ VBZL(D3) ⊂ VBZL(AOL);
• BA = OML ∩ VBZL(AOL) ≺ VBZL(MO2) ⊂MOL ⊂ OML;
• for any subvariety V of PBZL∗ such that V * OML, we have D3 ∈ V.
Let L be an arbitrary PBZ∗–lattice. We will now investigate the length of the subset T (L) = {x ∈ L :
x∼ ∈ {0, 1}} of L. Recall from [8] that T (L) is (the universe of) a bounded join subsemilattice of any PBZ∗–
lattice L, which we denote the same as its universe, to differentiate from the case when it is an antiortholattice
T(L) ∈ SBZL(L). In [8], we have denoted by D(L) = {x ∈ L : x∼ = 0} and called its elements dense elements of
L; note from the above that T (L) = D(L)∪{0}, D(L) is (the universe of) an upper bounded join subsemilattice
of L, D(D1) = T (D1) and, if L is nontrivial, then length(D(L)) = length(T (L))− 1.
Remark 5.3. For any PBZ∗–lattice L, we have 0, 1 ∈ T (L), so: length(T (L)) = 1 iff L is trivial.
Lemma 5.4. [8, Lemma 10.(i)] L is orthomodular iff T (L) = {0, 1}.
Remark 5.5. Clearly, the universe of any subalgebra of a PBZ∗–lattice L which is an antiortholattice is included
in T (L), and L is an antiortholattice iff L = T(L) iff D(L) = L \ {0}.
By Lemma 5.2, if V is a subvariety of PBZL∗ which is neither included in OML, nor equal to VBZL(D3), then
V contains the five–element antiortholattice chain and thus all antiortholattice chains, hence there is no upper
bound for {length(T (A)) : A ∈ V}. But, furthermore, as shown by Proposition 5.7.(iii) below, the existence of
an upper bound for the length of the antiortholattices in a variety of PBZ∗–lattices does not imply the existence
of an upper bound for the lengths of the subsets of dense elements of the members of that variety.
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Lemma 5.6. [8, Lemma 35.(v)] For any non–empty family (Li)i∈I of PBZ
∗–lattices, T (
∏
i∈I
Li) = {0}∪
∏
i∈I
D(Li).
Proposition 5.7. Let V be a variety of PBZ∗–lattices and let us denote by maxlength(V) = max{length(T (A)) :
A ∈ V}, if such a maximum exists. Then:
(i) maxlength(T) = 1;
(ii) if T 6= V ⊆ OML, then maxlength(V) = 2;
(iii) if V * OML, then there is no upper bound for {length(T (A)) : A ∈ V}.
Proof. (i) By Remark 5.3.
(ii) By Remark 5.3 and Lemma 5.4.
(iii) By Lemma 5.2, if V * OML, then D3 ∈ V, which has the poset D(D3) of the dense elements isomorphic to
the two–element chain. Thus, for any non–empty set I, DI3 ∈ V, and, by Lemma 5.6, T (D
I
3) = {0}∪(D(D3))
I , so
that length(T (DI3)) = length(D
I
2)+1 = |I|+2, therefore V has no upper bound for {length(T (A)) : A ∈ V}.
6 Generators in the Variety SAOL
Note that, for any antiortholattice A, we have: A  SDM iff 0 is meet–irreducible in Al. So, by an observation
recalled in Section 3, the PBZ∗–lattices with the 0 meet–irreducible are exactly the antiortholattices satisfying
SDM.
Remark 6.1. Recall from [6, Lemma 3.3.(1)] that all subdirectly irreducible members of VBZL(AOL) are an-
tiortholattices (see also [7, Corollary 60.(iii)] and [8, Lemma 63]), hence SAOL is generated by the subdirectly
irreducible antiortholattices it contains, that is the subdirectly irreducible antiortholattices with the 0 meet–
irreducible.
Remark 6.2. Any antiortholattice L in which 0L is meet–irreducible is a subalgebra of the antiortholattice
A = D2 ⊕ Lbi ⊕ D2, because the map f : L → A defined by f(0L) = 0A, f(1L) = 1A and f(x) = x for all
x ∈ L \ {0L, 1L} is an embedding of BZ–lattices.
Lemma 6.3. For any subvariety V of SAOL:
• Si(V) ⊆ SBZL(D2 ⊕ Si(V)BI ⊕D2) ⊆ SBZL(D2 ⊕ VBI ⊕D2);
• V ⊆ VBZL(D2 ⊕ Si(V)BI ⊕D2) ⊆ VBZL(D2 ⊕ VBI ⊕D2).
Proof. By Remarks 6.1 and 6.2, any A ∈ Si(V) satisfies A ∈ SBZL(D2⊕Abi⊕D2) ⊆ SBZL(D2⊕Si(V)BI ⊕D2),
hence Si(V) ⊆ SBZL(D2 ⊕ Si(V)BI ⊕D2) ⊆ SBZL(D2 ⊕ VBI ⊕D2), therefore V = VBZL(Si(V)) ⊆ VBZL(D2 ⊕
Si(V)BI ⊕D2) ⊆ VBZL(D2 ⊕ VBI ⊕D2).
Theorem 6.4. SAOL = VBZL(D2 ⊕ SAOLBI ⊕D2) = VBZL(D2 ⊕ PKA⊕D2).
Proof. By Lemma 6.3, SAOL ⊆ VBZL(D2 ⊕ SAOLBI ⊕ D2) ⊆ VBZL(D2 ⊕ PKA ⊕ D2) ⊆ SAOL, hence the
equalities in the enunciation.
Remark 6.5. If a variety V of PBZ∗–lattices is such that V = VBZL(D2 ⊕ VBI ⊕ D2), then, since D3 =
D2 ⊕D1 ⊕D2 ∈ D2 ⊕ VBI ⊕D2 ⊆ D2 ⊕ PKA⊕D2, it follows that V = VBZL(D2 ⊕ VBI ⊕D2) ⊆ VBZL(D2 ⊕
PKA ⊕ D2) = SAOL by Theorem 6.4, so V is a subvariety of SAOL, and D3 ∈ V, thus D3 ∈ VBI , thus
D5 = D2 ⊕D3 ⊕D2 ∈ D2 ⊕ VBI ⊕D2, hence D5 ∈ V.
Remark 6.6. The members ofD2⊕PKA⊕D2 are exactly the PBZ∗–lattices with the 0 strictly meet–irreducible,
because any such PBZ∗–lattice also has the 1 strictly join–irreducible, so it is of the form D2 ⊕ K ⊕ D2 for
some BI–lattice K, and, clearly, D2 ⊕K⊕D2 is a pseudo–Kleene algebra iff K is a pseudo–Kleene algebra. By
the property from Section 3 recalled above, conversely, for any pseudo–Kleene algebra K, D2 ⊕K ⊕D2 is an
antiortholattice, in particular a PBZ∗–lattice, having, of course, the 0 strictly meet–irreducible.
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Notice that, for any k, n ∈ N∗ with k ≤ n, we have Dk ∈ SBIHBI(Dn) ⊆ VBI(Dn) and Dk ∈ SBZLHBZL(Dn) ⊆
VBZL(Dn); more precisely Dk is a quotient of Dn if k is odd and n is even, and Dk is a subalgebra of Dn in all
the other cases.
Lemma 6.7. (i) IBZL({D1,D2,D3}) = {L ∈ AOL : L  SK} = VBZL(D3) ∩ AOL = Si(VBZL(D3)).
(ii) VBZL(D3) ( VBZL(D4).
Proof. (i) For any antiortholattice L and any a ∈ L, clearly L {a},{0} SK and L {1},{a} SK, hence L  SK
iff L L\{1},L\{0} SK iff x ≤ y for all x ∈ L \ {1} and all y ∈ L \ {0} iff |L \ {0, 1}| ≤ 1 iff |L| ≤ 3 iff
L ∈ IBZL({D1,D2,D3}).
Clearly D1,D2,D3 ∈ VBZL(D3), thus IBZL({D1,D2,D3}) ⊆ VBZL(D3)∩AOL. By the above, VBZL(D3)  SK
and thus, if an antiortholattice L belongs to VBZL(D3), then L  SK, hence L ∈ IBZL({D1,D2,D3}).
The antiortholattices D1, D2 and D3 are simple, thus subdirectly irreducible and, as recalled in Remark 6.1,
Si(VBZL(AOL)) ⊆ AOL, hence IBZL({D1,D2,D3}) ⊆ Si(VBZL(D3)) ⊆ VBZL(D3) ∩ AOL = IBZL({D1,D2,D3})
by the above, therefore Si(VBZL(D3)) = IBZL({D1,D2,D3}).
(ii) Of course, VBZL(D3) ⊆ VBZL(D4) since D3 ∈ HBZL(D4). If we assume that D4 ∈ VBZL(D3), then, since D4
is an antiortholattice, (i) gives us the contradiction D4 ∈ VBZL(D3) ∩ AOL = IBZL({D1,D2,D3}). Therefore
VBZL(D3) ( VBZL(D4).
Remark 6.8. By [7, Theorem 59], VBZL(AOL) is relatively axiomatized by J0 w.r.t. PBZL
∗, thus SAOL is
relatively axiomatized by {SDM, J0} w.r.t. PBZL∗.
Proposition 6.9. VBZL(D3) is relatively axiomatized by SK w.r.t. VBZL(AOL), thus by {J0, SK} w.r.t. PBZL
∗.
Proof. By Lemma 6.7.(i) and Remark 6.8.
Clearly, for any bounded lattices or BI–lattices L and M, D2 ⊕ L ⊕ D2 = D2 ⊕ M ⊕ D2 iff L = M,
hence, for any classes C and D of bounded lattices or BI–lattices, D2 ⊕ C ⊕ D2 ( D2 ⊕ D ⊕ D2 iff C ( D.
Therefore D2 ⊕ BA ⊕D2 ( D2 ⊕MOL ⊕ D2 ( D2 ⊕ OML ⊕D2 ( D2 ⊕ OL ⊕D2 ( D2 ⊕ PKA ⊕D2 and
D2⊕BA⊕D2 ( D2⊕KA⊕D2 ( D2⊕PKA⊕D2. Now let us investigate the relations between the class operators
applied to a class C of BI–lattices and these operators applied to the class D2 ⊕ C ⊕D2, and, in the process,
obtain an independent proof of the result from [6] stating that VBZL(D5) = SAOL ∩ DIST = SDM ∩ DIST, the
latter equality being an obvious consequence of the immediate fact that DIST ⊆ VBZL(AOL) (see the beginning
of Section 5), hence VBZL(D5) is relatively axiomatized by {SDM,DIST} w.r.t. VBZL(AOL), as well as w.r.t.
PBZL∗.
Note that, for any antiortholattice L, any proper congruence of L has the classes of 0 and 1 singletons and
any lattice congruence of L that preserves the Kleene complement and has the classes of 0 and 1 singletons also
preserves the Brouwer complement of L, that is: ConBZL(L) = ConBZL01(L) ∪ {∇L} = ConBI01(L) ∪ {∇L} [8].
If we now take a look at the congruences of the ordinal sums constructed in Section 3, we may notice that:
Lemma 6.10. [8] For any bounded lattice M and any BI–lattice K, if we denote by L = M⊕K⊕Md, then:
• the BI–lattice L has ConBI(L) = {α⊕ β ⊕ α′ : α ∈ Con(M), β ∈ ConBI(K)} ∼= Con(M)× ConBI(K),
• if M is nontrivial and K is a pseudo–Kleene algebra, so that L is an antiortholattice, then ConBZL(L) =
ConBI01(L)∪{∇L} = {α⊕β⊕α′ : α ∈ Con01(M), β ∈ ConBI(K)}∪{∇L} ∼= (Con01(M)×ConBI(K))⊕D2,
where α′ = {(a′, b′) : (a, b) ∈ α} ∈ Con(Md) = Con(M) for all α ∈ Con(M).
Lemma 6.11. (i) If I is a non–empty set, then, for any families (Li)i∈I ⊆ BI and (Ki)i∈I ⊆ PKA, we have:
D2 ⊕ (
∏
i∈I
Li)⊕D2 ∈ SBI(
∏
i∈I
(D2 ⊕ Li ⊕D2)) and D2 ⊕ (
∏
i∈I
Ki)⊕D2 ∈ SBZL(
∏
i∈I
(D2 ⊕Ki ⊕D2)).
(ii) If L ∈ BI, K ∈ PKA, M ∈ SBI(L) and N ∈ SBI(K), then D2 ⊕ M ⊕ D2 ∈ SBI(D2 ⊕ L ⊕ D2) and
D2 ⊕N⊕D2 ∈ SBZL(D2 ⊕K⊕D2).
(iii) If L ∈ BI, K ∈ PKA, θ ∈ ConBI(L) and ζ ∈ ConBI(K), thenD2⊕L/θ⊕D2 ∼=BI (D2⊕L⊕D2)/eq({{0}, {1}}∪
L/θ) and D2 ⊕K/ζ ⊕D2 ∼=BZL (D2 ⊕K⊕D2)/eq({{0}, {1}}∪K/ζ).
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Proof. (i) The map from D2⊕(
∏
i∈I
Li)⊕D2 to
∏
i∈I
(D2⊕Li⊕D2), respectively D2⊕(
∏
i∈I
Ki)⊕D2 to
∏
i∈I
(D2⊕Ki⊕
D2), that preserves the 0 and 1 and restricts to the set inclusion on
∏
i∈I
Li, respectively
∏
i∈I
Ki, is an embedding
of BI–lattices, respectively BZ–lattices.
(ii) Clearly, the map fromD2⊕M⊕D2 to D2⊕L⊕D2, respectivelyD2⊕N⊕D2 to D2⊕K⊕D2, that preserves
the 0 and 1 and restricts to a BI–lattice embedding of M into L, respectively of N into K, is an embedding of
BI–lattices, respectively BZ–lattices.
(iii) If we denote by α = eq({{0}, {1}} ∪ L/θ) and β = eq({{0}, {1}} ∪ K/ζ), then α = ∆D2 ⊕ θ ⊕ ∆D2 ∈
ConBI(D2 ⊕ L ⊕ D2), β = ∆D2 ⊕ ζ ⊕ ∆D2 ∈ ConBZL(D2 ⊕ K ⊕ D2) by Lemma 6.10, and the map that
preserves the 0 and 1 and restricts to the identity map of L/θ, respectively K/ζ, is an isomorphism of BI–
lattices, respectively BZ–lattices, from D2 ⊕ L/θ ⊕D2 to (D2 ⊕ L ⊕ D2)/α, respectively D2 ⊕ K/ζ ⊕ D2 to
(D2 ⊕K⊕D2)/β.
Proposition 6.12. Let C ⊆ BI and D ⊆ PKA. Then:
(i) D2 ⊕ PBI(C)⊕D2 ⊆ SBIPBI(D2 ⊕ C⊕D2) and D2 ⊕ PBI(D)⊕D2 ⊆ SBZLPBZL(D2 ⊕ D⊕D2);
(ii) D2 ⊕ SBIPBI(C)⊕D2 ⊆ SBIPBI(D2 ⊕ C⊕D2) and D2 ⊕ SBIPBI(D)⊕D2 ⊆ SBZLPBZL(D2 ⊕ D⊕D2);
(iii) D2⊕HBI(C)⊕D2 ⊆ HBI(D2⊕C⊕D2)\ IBZL({D1,D2}) and D2⊕HBI(D)⊕D2 = HBZL(D2⊕D⊕D2)\T.
Proof. We will repeatedly use the fact that, for any PBZ∗–lattice L, ConBZL(L) is a sublattice of ConBI(L).
(i) By Lemma 6.11.(i).
(ii) By (i) and Lemma 6.11.(ii).
(iii) By Lemma 6.11.(iii) and Lemma 6.10, according to which, for any pseudo–Kleene algebra K, the map
ζ 7→ ∆D2 ⊕ ζ ⊕∆D2 from ConBI(K) to ConBZL01(D2 ⊕K⊕D2) = ConBZL(D2 ⊕K⊕D2) \ {∇D2⊕K⊕D2} is a
lattice isomorphism.
Corollary 6.13. Let C ⊆ BI and D ⊆ PKA. Then: D2⊕VBI(C)⊕D2 ⊂ VBI(D2⊕C⊕D2) and D2⊕VBI(D)⊕D2 ⊂
VBZL(D2 ⊕ D⊕D2).
Proof. The inclusions follow from Proposition 6.12 and their strictness from the clear fact that any bounded
lattice–ordered algebra with the 0 strictly meet–irreducible is directly irreducible.
Corollary 6.14. Let C ⊆ BI and D ⊆ PKA. Then: VBI(D2 ⊕ VBI(C) ⊕ D2) = VBI(D2 ⊕ C ⊕ D2) and
VBZL(D2 ⊕ VBI(D)⊕D2) = VBZL(D2 ⊕ D⊕D2).
Proof. The left–to–right inclusions follow from Corollary 6.13 and the right–to–left inclusions are trivial.
Remark 6.15. By Corollary 6.14, VBZL(D3) = VBZL(D2 ⊕D1⊕D2) = VBZL(D2⊕ VBI(D1)⊕D2) = VBZL(D2 ⊕
T⊕D2).
Lemma 6.16. For any subclass C of BI, we have C ⊆ HBI(D2 ⊕ C⊕D2) ⊆ VBI(D2 ⊕ C⊕D2).
Proof. Any BI–lattice K is isomorphic to L/θ, where L = D2⊕K⊕D2 ∈ BI and θ = eq({{0L, 0K}, {1K, 1L}}∪
{{x} : x ∈ K \ {0K, 1K}}) = ∇D2 ⊕∆K ⊕∇D2 ∈ ConBI(L), hence K ∈ HBI(L) ⊆ VBI(L).
Remark 6.17. Let L ∈ BI and let us consider A = D2 ⊕ L⊕D2 ∈ BI. If we denote by θ = ∇D2 ⊕∆L ⊕∇D2
the equivalence on A whose only nonsingleton classes are {0A, 0L} and {1L, 1A}, then θ ∈ ConBI(A) and
L ∼=BI (A/θ).
If we denote D3 = {0D3 , c, 1D3}, then the map ϕ : A → D3 × L defined by: ϕ(0A) = (0D3 , 0L), ϕ(1A) =
(1D3 , 1L) and ϕ(x) = (c, x) for all x ∈ L = A \ {0A, 1A} is a BI–lattice embedding of A into D3 × L.
Hence:
• L ∈ HBI(A) ⊆ VBI(A), so VBI(L) ⊆ VBI(A);
• A ∈ SBI(D3 × L) ⊆ VBI(D3 × L), so VBI(A) ⊆ VBI(D3 × L).
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Consequently, if D3 ∈ VBI(L), then VBI(L) = VBI(A).
Remark 6.18. If L is a BI–lattice, then the following equivalence holds: D3 /∈ VBI(L) iff L is an ortholattice.
Indeed, since D3 /∈ OL, if L ∈ OL and thus VBI(L) ⊆ OL, then D3 /∈ VBI(L).
Conversely, if D3 /∈ VBI(L) and hence, by the fact that D3 ∈ HBI(D4) ⊆ VBI(D4), it follows that also
D4 /∈ VBI(L), then:
• D3 /∈ SBI(L), so there exists no x ∈ L with x = x′,
• D4 /∈ SBI(L), so there exists no x ∈ L \ {0} with x < x′,
hence there exists no x ∈ L\{0} with x ≤ x′. But, for every u ∈ L, we have u∧u′ ≤ u∨u′ = (u∧u′)′. Therefore
u ∧ u′ = 0 for all u ∈ L, which means that L ∈ OL.
Lemma 6.19. [10] KA = VBI(D3).
Proposition 6.20. Let V be a subvariety of BI. Then:
• D3 ∈ V iff KA ⊆ V;
• D3 /∈ V iff V ⊆ OL.
In particular, (OL,KA) is a splitting pair in the lattice of subvarieties of BI, thus also in that of PKA.
Proof. Lemma 6.19 proves the first equivalence and Remark 6.18 proves the second. Thus either KA ⊆ V or
V ⊆ OL, hence the splitting pair property since clearly KA * OL.
For any k, n, p ∈ N and any equation t ≈ u, where t(x1, . . . , xk, z1, . . . , zp) and u(y1, . . . , yn, z1, . . . , zp) are
terms in the language of BI having the arities k + p, respectively n + p and p common variables z1, . . . , zp, we
consider the (k + n)–ary term m(t, u) in the language of BZL, defined as follows:
m(t, u)(x1, . . . , xk, y1, . . . , yn, z1, . . . , zp) =
k∨
i=1
(xi∧x
′
i)
∼∨
n∨
j=1
(yj ∧y
′
j)
∼∨
p∨
h=1
(zh∧ z
′
h)
∼∨ t(x1, . . . , xk, z1, . . . , zp).
Note that:
m(u, t)(x1, . . . , xk, y1, . . . , yn, z1, . . . , zp) =
k∨
i=1
(xi∧x
′
i)
∼∨
n∨
j=1
(yj ∧y
′
j)
∼∨
p∨
h=1
(zh∧z
′
h)
∼∨u(y1, . . . , yn, z1, . . . , zp).
Remark 6.21. If L ∈ BI is such that D3 /∈ VBI(L), then L ∈ OL by Remark 6.18, so that L  x ∧ x′ ≈ 0 and
L  x ∨ x′ ≈ 1, therefore, for any terms t and u in the language of BI, there exist terms r and s in the language
of BI having nonzero arities such that: L  t ≈ u iff L  r ≈ s.
Lemma 6.22. Let L ∈ BI and t and u be terms in the language of BI. Then:
• if D3 ∈ VBI(L), then: L  t ≈ u iff D2 ⊕ L⊕D2  t ≈ u;
• if L ∈ PKA and t and u have nonzero arities, then: L  t ≈ u iff D2 ⊕ L⊕D2  m(t, u) ≈ m(u, t); .
Proof. Since t and u are terms in the language of BI–lattices, a PBZ∗–lattice satisfies the equation t ≈ u iff its
BI–lattice reduct satisfies this equation, hence Remark 6.17 implies the second equivalence.
Now let us denote by A = D2 ⊕ L ⊕D2 ∈ AOL, let k, n, p be as in the notation above, and assume that
k + p, n+ p ∈ N∗. Then, for any a1, . . . , ak, b1, . . . , bn, c1, . . . , cp ∈ A, we have, in A:
• if a1, . . . , ak, b1, . . . , bn, c1, . . . , cp ∈ L, then m(t, u)A(a1, . . . , ak, b1, . . . , bn, c1, . . . , cp) = tL(a1, . . . , ak, c1,
. . . , cp) and m(u, t)
A(a1, . . . , ak, b1, . . . , bn, c1, . . . , cp) = u
L(b1, . . . , bn, c1, . . . , cp);
• if at least one of the elements a1, . . . , ak, b1, . . . , bn, c1, . . . , cp belongs to A\L = {0A, 1A}, thenm(t, u)A(a1,
. . . , ak, b1, . . . , bn, c1, . . . , cp) = m(u, t)
A(a1, . . . , ak, b1, . . . , bn, c1, . . . , cp) = 0
A.
11
Thereforem(t, u)A(a1, . . . , ak, b1, . . . , bn, c1, . . . , cp) = m(u, t)
A(a1, . . . , ak, b1, . . . , bn, c1, . . . , cp) for all a1, . . . ,
ak, b1, . . . , bn, c1, . . . , cp ∈ A iff tL(a1, . . . , ak, c1, . . . , cp) = uL(b1, . . . , bn, c1, . . . , cp) for all a1, . . . , ak, b1, . . . , bn, c1,
. . . , cp ∈ L, that is A  m(t, u) ≈ m(u, t) iff L  t ≈ u.
Corollary 6.23. Let V be a subvariety of BI. Then:
• D3 ∈ V iff KA ⊆ V iff V = VBI(D2 ⊕ V⊕D2);
• D3 /∈ V iff V ⊆ OL iff V ( VBI(D2 ⊕ V⊕D2).
Proof. By Remark 6.17, V ⊆ HBI(D2 ⊕ V⊕D2) ⊆ VBI(D2 ⊕ V⊕D2).
D3 = D2 ⊕D1 ⊕D2 ∈ D2 ⊕ T⊕D2 ⊆ D2 ⊕ V⊕D2 ⊂ VBI(D2 ⊕ V⊕D2), thus, if V = VBI(D2 ⊕ V⊕D2),
then D3 ∈ V.
By Lemma 6.22, if D3 ∈ V, then the relative axiomatization w.r.t. BI of V coincides to that of VBI(D2⊕V⊕
D2), hence V = VBI(D2 ⊕ V⊕D2).
By Proposition 6.20, all equivalences in the enunciation follow.
Remark 6.24. By Corollaries 6.14 and 6.23, if C ⊆ BI, then:
• D3 ∈ VBI(C) iff KA ⊆ VBI(C) iff VBI(C) = VBI(D2 ⊕ C⊕D2);
• D3 /∈ VBI(C) iff VBI(C) ⊆ OL iff VBI(C) ( VBI(D2 ⊕ C⊕D2).
Theorem 6.25. The operator V 7→ VBZL(D2 ⊕ V ⊕ D2) is a bounded lattice embedding from the lattice of
subvarieties of PKA to the principal filter generated by VBZL(D3) in the lattice of subvarieties of SAOL.
Proof. Clearly, for any subclasses C and D of BI, we have: C ⊆ D iff D2⊕C⊕D2 ⊆ D2⊕D⊕D2, which implies
VBZL(D2 ⊕ C⊕D2) ⊆ VBZL(D2 ⊕ D⊕D2), so the operator in the enunciation is order–preserving.
Now let V and W be subvarieties of PKA such that V 6= W. Then V * W or W * V. Without loss of
generality, we may assume that W * V, so that, for some terms t, u in the language of BI–lattices, V  t ≈ u,
but W 2 t ≈ u, hence L 2 t ≈ u for some L ∈W.
By Proposition 6.20, Remark 6.21 and Lemma 6.22, if V ⊆ OL, then t and u can be chosen to have nonzero
arities and hence VBZL(D2⊕V⊕D2)  m(t, u) ≈ m(u, t) and VBZL(D2 ⊕W⊕D2) 2 m(t, u) ≈ m(u, t), therefore
VBZL(D2 ⊕W⊕D2) * VBZL(D2 ⊕ V⊕D2).
By Proposition 6.20, Lemma 6.22 and Remark 6.17, if KA ⊆ V, then VBZL(D2 ⊕V⊕D2)  t ≈ u and, since
L ∈ HBI(D2⊕L⊕D2), we have D2⊕L⊕D2 2 t ≈ u, thus D2⊕L⊕D2 ∈ D2⊕W⊕D2 \VBZL(D2⊕V⊕D2) ⊆
VBZL(D2 ⊕W⊕D2) \ VBZL(D2 ⊕ V⊕D2), therefore VBZL(D2 ⊕W⊕D2) * VBZL(D2 ⊕ V⊕D2).
By Proposition 6.20, it follows that, whenever W * V, we have VBZL(D2 ⊕W⊕D2) * VBZL(D2 ⊕ V⊕D2),
in particular VBZL(D2 ⊕ V⊕D2) 6= VBZL(D2 ⊕W⊕D2), hence this class operator is injective.
So this operator is a poset embedding and it preserves non–inclusion, hence, by restricting its codomain to
its image, we get a bijection whose inverse is order–preserving, as well, thus we get a poset isomorphism and
thus a lattice isomorphism since its domain is a lattice. By Remark 6.15 and Theorem 6.4, VBZL(D3) and SAOL
are the results of this operator applied to T and PKA, respectively. Therefore this operator is a bounded lattice
embedding.
Let us denote by S = {VBZL(D2 ⊕ C⊕D2) : C ⊆ PKA}.
Remark 6.26. By Corollary 6.14, S is the image of the operator from Theorem 6.25, thus it is a complete
sublattice of the lattice of subvarieties of SAOL.
Corollary 6.27. If (Vi)i∈I is a family of subvarieties of PKA, then:
• VBZL(D2 ⊕ (
⋂
i∈I
Vi)⊕D2) =
⋂
i∈I
VBZL(D2 ⊕ V⊕D2);
• VBZL(D2 ⊕ (
∨
i∈I
Vi)⊕D2) =
∨
i∈I
VBZL(D2 ⊕ V⊕D2).
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Theorem 6.28. • VBZL(D4) = VBZL(D2 ⊕ BA⊕D2).
• VBZL(D5) = VBZL(D2⊕KA⊕D2) = SDM∩DIST = SAOL∩DIST, so VBZL(D5) contains all antiortholattice
chains.
Proof. By Corollary 6.14, VBZL(D4) = VBZL(D2⊕D2⊕D2) = VBZL(D2⊕VBI(D2)⊕D2) = VBZL(D2⊕BA⊕D2),
while VBZL(D5) = VBZL(D2⊕D3⊕D2) = VBZL(D2⊕VBI(D3)⊕D2) = VBZL(D2⊕KA⊕D2) according to Lemma
6.19.
By Remark 6.1, the subdirectly irreducible members of SAOL ∩ DIST are distributive antiortholattices
that satisfy SDM, that is distributive antiortholattices with the 0 meet–irreducible. By Remark 6.2, any such
antiortholattice L is a subalgebra of the distributive antiortholattice D2 ⊕ L ⊕ D2 ∈ D2 ⊕ KA ⊕ D2, hence
SAOL∩DIST = VBZL(D2⊕KA⊕D2) = VBZL(D5) by the above. Since all antiortholattice chains are distributive
and satisfy SDM, the latter statement follows.
Corollary 6.29. • VBZL(D2) ( VBZL(D3) ( VBZL(D4) ( VBZL(D5) ( VBZL(D2 ⊕ PKA⊕D2) = SAOL.
• VBZL(D4) ( VBZL(D2⊕MOL⊕D2) ( VBZL(D2⊕OML⊕D2) ( VBZL(D2⊕OL⊕D2) ( VBZL(D2⊕PKA⊕
D2) = SAOL.
• Each of the varieties VBZL(D2⊕MOL⊕D2), VBZL(D2⊕OML⊕D2) and VBZL(D2⊕OL⊕D2) is incomparable
to VBZL(D5).
Proof. By Theorems 6.4, 6.28 and 6.25.
With the notation above, we get:
Corollary 6.30. (VBZL(D2 ⊕OL⊕D2), VBZL(D5) = VBZL(D2 ⊕KA⊕D2) = SAOL∩DIST = SDM ∩DIST) is
a splitting pair in the lattice S.
Remark 6.31. Note that OL = {L ∈ BI : L  x ∨ x′ ≈ y ∨ y′} = {L ∈ BI : L  x ∧ x′ ≈ y ∧ y′}, and recall that
OML = {L ∈ BI : L  x ∨ (x′ ∧ (x ∨ y)) ≈ x ∨ y}.
Let us consider the following equations in the language of BZ–lattices:
D2OL∧ (x ∧ x′)∼ ∨ (y ∧ y′)∼ ∨ (x ∧ x′) ≈ (x ∧ x′)∼ ∨ (y ∧ y′)∼ ∨ (y ∧ y′)
D2OL∨ (x ∧ x′)∼ ∨ (y ∧ y′)∼ ∨ x ∨ x′ ≈ (x ∧ x′)∼ ∨ (y ∧ y′)∼ ∨ y ∨ y′
D2OML (x ∧ x′)∼ ∨ (y ∧ y′)∼ ∨ x ∨ (x′ ∧ (x ∨ y)) ≈ (x ∧ x′)∼ ∨ (y ∧ y′)∼ ∨ x ∨ y
Note that:
D2OL∧ coincides to m(x ∧ x′, y ∧ y′) ≈ m(y ∧ y′, x ∧ x′)
D2OL∨ coincides to m(x ∨ x′, y ∨ y′) ≈ m(y ∨ y′, x ∨ x′)
D2OML coincides to m(x ∨ (x′ ∧ (x ∨ y)), x ∨ y) ≈ m(x ∨ y, x ∨ (x′ ∧ (x ∨ y)))
Proposition 6.32. {A ∈ AOL : A  D2OL∧} = {A ∈ AOL : A  D2OL∨} = (D2⊕OL⊕D2)∪IBZL({D1,D2}).
Proof. The antiortholattices D1 and D2 trivially satisfy D2OL∧ and, for every L ∈ OL, the antiortholattice
D2 ⊕ L⊕D2 fulfills D2OL∧, according to Lemma 6.22. Also, D4 = D2 ⊕D2 ⊕D2 ∈ D2 ⊕OL⊕D2.
Now let A ∈ AOL \ IBZL({D1,D2}) such that A  D2OL∧, a ∈ A \ {0, 1} = A \ S(A) and c = a ∧ a′. Then
c ≤ a∨a′ = c′ and, for all x ∈ A\{0, 1} = A\S(A), x∧x′ = c and x∨x′ = (x∧x′)′ = c′, in particular c ≤ x ≤ c′,
therefore the interval [c, c′] of A is an involution sublattice of Abi, thus a BI–lattice since it is bounded, and
fulfills: [c, c′] = A \ {0, 1} and, as a BI–lattice, [c, c′] ∈ OL. Therefore A = D2 ⊕ [c, c′]⊕D2 ∈ D2 ⊕OL⊕D2.
Similarly for D2OL∨.
Corollary 6.33. • {A ∈ AOL : A  {D2OL∧,D2OML}} = {A ∈ AOL : A  {D2OL∨,D2OML}} =
(D2 ⊕OML⊕D2) ∪ IBZL({D1,D2}).
• {A ∈ AOL : A  {D2OL∧,MOD}} = {A ∈ AOL : A  {D2OL∨,MOD}} = (D2 ⊕ MOL ⊕ D2) ∪
IBZL({D1,D2}).
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• {A ∈ AOL : A  {D2OL∧,DIST}} = {A ∈ AOL : A  {D2OL∨,DIST}} = (D2 ⊕ BA ⊕ D2) ∪
IBZL({D1,D2}).
Proof. By Proposition 6.32 and Lemma 6.22.
Corollary 6.34. VBZL(D2 ⊕ OL ⊕D2) is relatively axiomatized by D2OL∨ or, equivalently, by D2OL∧ w.r.t.
VBZL(AOL).
Proof. Let W = VBZL(D2 ⊕ OL ⊕ D2) and U = {L ∈ VBZL(AOL) : L  D2OL∧}. By Lemma 6.22, W ⊆ U.
By Remark 6.1 and Proposition 6.32, any A ∈ Si(U) belongs to (D2 ⊕ OL ⊕ D2) ∪ IBZL({D1,D2}), hence
U ⊆ VBZL((D2 ⊕OL⊕D2) ∪ IBZL({D1,D2})) = VBZL((D2 ⊕OL⊕D2) ∪ {D1,D2}) =W. Therefore W = U.
Similarly for D2OL∨.
Corollary 6.35. Si(VBZL(D2 ⊕ OL ⊕ D2)) = Si((D2 ⊕ OL ⊕ D2) ∪ IBZL({D1,D2})) ⊆ (D2 ⊕ OL ⊕ D2) ∪
IBZL({D1,D2}).
Proof. By Corollary 6.34, Remark 6.1 and Proposition 6.32.
Remark 6.36. For any bounded lattice L, D2 ⊕ L⊕D2 is modular, respectively distributive, iff D2 ⊕ L⊕D2
is modular, respectively distributive.
Corollary 6.37. • Si(VBZL(D2⊕MOL⊕D2)) = Si((D2⊕MOL⊕D2)∪ IBZL({D1,D2})) ⊆ (D2⊕MOL⊕
D2) ∪ IBZL({D1,D2}).
• Si(VBZL(D2 ⊕ BA⊕D2)) = Si((D2 ⊕ BA⊕D2) ∪ IBZL({D1,D2})) ⊆ (D2 ⊕ BA⊕D2) ∪ IBZL({D1,D2}).
Proof. By Corollary 6.35 and the fact that MOL = {L ∈ OL : L  MOD} and BA = {L ∈ OL : L  DIST}.
As shown by Remark 6.21, the following theorem provides us with a way to relatively axiomatize any variety
in the image S (see the notation above) of the operator from Theorem 6.25 w.r.t. SAOL, thus also w.r.t. PBZL∗.
Theorem 6.38. Let V be a subvariety of PKA, I a (not necessarily nonempty) set and, for all i ∈ I, ti and ui
terms in the language of BI.
(i) If D3 ∈ V, then: V is relatively axiomatized by {ti ≈ ui : i ∈ I} w.r.t. PKA iff VBZL(D2 ⊕ V ⊕ D2) is
relatively axiomatized by {ti ≈ ui : i ∈ I} w.r.t. SAOL.
(ii) If D3 /∈ V and, for all i ∈ I, ti and ui have nonzero arities, then: V is relatively axiomatized by {ti ≈ ui :
i ∈ I} w.r.t. OL iff VBZL(D2 ⊕ V ⊕D2) is relatively axiomatized by {m(ti, ui) ≈ m(ui, ti) : i ∈ I} w.r.t.
VBZL(D2⊕OL⊕D2) iff VBZL(D2⊕V⊕D2) is relatively axiomatized by {D2OL∧}∪{m(ti, ui) ≈ m(ui, ti) :
i ∈ I} or, equivalently, by {D2OL∨} ∪ {m(ti, ui) ≈ m(ui, ti) : i ∈ I}, w.r.t. VBZL(AOL).
Proof. Let us denote by W = VBZL(D2 ⊕ V⊕D2) ⊆ SAOL.
(i) Assume that D3 ∈ V.
Theorem 6.4 gives us the statement for I = ∅.
Now assume that I is nonempty, and let us denote by K = {K ∈ PKA : K  {ti ≈ ui : i ∈ I}} and by
U = {L ∈ SAOL : L  {ti ≈ ui : i ∈ I}}, so that UBI ⊆ K, thus D2⊕UBI ⊕D2 ⊆ D2⊕K⊕D2, and, by Lemma
6.22, ifD3 ∈ K, thenD2⊕UBI⊕D2 ⊆ D2⊕K⊕D2 ⊆ U, so that U = VBZL(D2⊕UBI⊕D2) = VBZL(D2⊕K⊕D2)
by Lemma 6.3.
Assume that V = K and let us prove that W = U. Since D3 ∈ V = K, by the above it follows that
D2 ⊕ V⊕D2 = D2 ⊕ K ⊕D2 ⊆ U, hence W = VBZL(D2 ⊕ V ⊕D2) ⊆ U. On the other hand, by Remarks 6.1
and 6.2, for any A ∈ Si(U), we have A ∈ SBZL(D2 ⊕Abi ⊕D2) ⊆W since D2 ⊕Abi ⊕D2 ∈ D2 ⊕ UBI ⊕D2 ⊆
D2 ⊕K⊕D2 = D2 ⊕ V⊕D2 ⊆W, therefore U ⊆W, as well.
Now assume that W = U and let us prove that V = K. Since VBZL(D2 ⊕ V ⊕D2) = W = U ⊆ VBZL(D2 ⊕
UBI ⊕D2) ⊆ VBZL(D2 ⊕K⊕D2) by Lemma 6.3 and the above, it follows that V ⊆ K by Theorem 6.25, so that
D3 ∈ V ⊆ K, thus D3 ∈ K, so, by the above, VBZL(D2⊕K⊕D2) = U =W = VBZL(D2⊕V⊕D2), hence V = K,
again by Theorem 6.25.
(ii) Assume that D3 /∈ V, so that V ⊆ OL by Proposition 6.20 and thus W ⊆ VBZL(D2 ⊕OL⊕D2).
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Corollary 6.34 gives us the statement for I = ∅, as well as the last equivalence.
Now assume that I is nonempty and that ti and ui are non–nullary for each i ∈ I, and let us denote by K =
{K ∈ OL : K  {ti ≈ ui : i ∈ I}} and by U = {L ∈ VBZL(D2 ⊕ OL⊕D2) : L  {m(ti, ui) ≈ m(ui, ti) : i ∈ I}},
so that VBZL(D2 ⊕K⊕D2) ⊆ U by Lemma 6.22.
Assume that V = K and let us prove thatW = U. By Lemma 6.22 and the fact thatW ⊆ VBZL(D2⊕OL⊕D2),
it follows that W ⊆ U. Now let A ∈ Si(U) ⊆ Si(VBZL(D2 ⊕ OL ⊕ D2)), so that, by Corollary 6.35, either
A ∈ IBZL({D1,D2}) ⊆ W or A = D2 ⊕K⊕D2 for some K ∈ OL and, since A ∈ U, by Lemma 6.22 it follows
that K ∈ K = V, thus A ∈ D2 ⊕ V⊕D2 ⊆W, hence U ⊆W, as well.
Now assume that W = U and let us prove that V = K. We have VBZL(D2 ⊕V⊕D2) =W = U ⊇ VBZL(D2 ⊕
K⊕D2), thus V ⊇ K by Theorem 6.25. ButD2⊕V⊕D2 ⊆ VBZL(D2⊕V⊕D2) =W = U ⊆ VBZL(D2⊕OL⊕D2),
hence, by Lemma 6.22 and Theorem 6.25, V ⊆ K, as well.
The above gives us a new proof for the next statement apart from the argument for Theorem 6.28. The last
three statements from the following corollary can also be obtained from Corollary 6.33, by a similar argument
to that of Corollary 6.34, obtained from Proposition 6.32.
Corollary 6.39. • VBZL(D5) = VBZL(D2 ⊕KA⊕D2) is relatively axiomatized by DIST w.r.t. SAOL.
• VBZL(D2 ⊕ {K ∈ PKA : K  MOD} ⊕D2) is relatively axiomatized by MOD w.r.t. SAOL.
• VBZL(D2 ⊕OML⊕D2) is relatively axiomatized by D2OMLw.r.t. VBZL(D2⊕OL⊕D2), thus by {D2OL∧,
D2OML} or, equivalently, by {D2OL∨,D2OML} w.r.t. VBZL(AOL).
• VBZL(D2⊕MOL⊕D2) is relatively axiomatized byMOD w.r.t. VBZL(D2⊕OL⊕D2), thus by {D2OL∧,MOD}
or, equivalently, by {D2OL∨,MOD} w.r.t. VBZL(AOL).
• VBZL(D4) = VBZL(D2 ⊕ BA ⊕D2) is relatively axiomatized by DIST w.r.t. VBZL(D2 ⊕OL ⊕D2), thus by
{D2OL∧,DIST} or, equivalently, by {D2OL∨,DIST} w.r.t. VBZL(AOL).
Corollary 6.40. VBZL(D4) = VBZL(D2 ⊕BA⊕D2) is relatively axiomatized by {D2OL∧,DIST, J0} or, equiva-
lently, by {D2OL∨,DIST, J0} w.r.t. VBZL(AOL).
Remark 6.41. As noticed in [7], from the last statement in Lemma 5.2 it immediately follows that OML ∨
VBZL(D3) is the unique cover of OML in the lattice of subvarieties of PBZL
∗. Since VBZL(D3)  SK and
VBZL(D4)  D2OML, while VBZL(D4) 2 SK and VBZL(D5) 2 D2OML, and trivially OML  {SK,D2OML}, it
follows that OML∨VBZL(D3)  SK, OML∨VBZL(D4) 2 SK, OML∨VBZL(D4)  D2OML and OML∨VBZL(D5) 2
D2OML, hence OML∨VBZL(D3) ( OML∨VBZL(D4) ( OML∨VBZL(D5). More on these aspects of the structure
of the lattice of subvarieties of PBZL∗ in an upcoming paper.
7 Infinite Ascending Chains of Subvarieties of DIST and DIST∨SAOL
Note that, for any cardinal number κ, Dκ2 ⊕D
κ
2 and D
κ
2 ⊕D2⊕D
κ
2 are distributive antiortholattices. Note also
that D02⊕D
0
2
∼= D1, D
0
2⊕D2⊕D
0
2
∼= D2, D
1
2⊕D
1
2
∼= D3, D
1
2⊕D2⊕D
1
2
∼= D4 and VBZL(D1) = T ( VBZL(D2) =
BA ( VBZL(D3) ( VBZL(D4) ( VBZL(D5) ( VBZL(D22 ⊕D
2
2) ⊆ DIST ( VBZL(AOL) (see Sections 5 and 6), since
D5 ∈ SBZL(D22 ⊕D
2
2) and D5  SDM, while D
2
2 ⊕D
2
2 2 SDM.
D22 ⊕D
2
2:
rr rr
r rr
 ❅
❅ 
 
 
❅
❅
0
1
a b
c = c′
a′b′
D22 ⊕D2 ⊕D
2
2:
rr rr
rr rr
 ❅
 ❅
❅ 
 ❅
0
1
a b
a′b′
c
c′
Lemma 7.1. For any nonzero cardinal number κ:
• the antiortholattice Dκ2 ⊕D
κ
2 is simple;
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• the antiortholattice Dκ2⊕D2⊕D
κ
2 is subdirectly irreducible, having the congruence lattice isomorphic to the
three–element chain, with the single nontrivial congruence θκ = ∆Dκ
2
⊕∇D2⊕∆Dκ2 (collapsing only the top
element of the lower copy of Dκ2 in D
κ
2 ⊕D2⊕D
κ
2 with its successor), so (D
κ
2 ⊕D2⊕D
κ
2 )/θκ
∼= Dκ2 ⊕D
κ
2 .
Proof. By Lemma 6.10 and the fact that Dκ2 ∈ BA ⊆ OML, so D
κ
2 is congruence–regular, thus Con01(D
κ
2 ) =
{∆Dκ
2
} ∼= D1.
Lemma 7.2. Let I and J be sets such that ∅ 6= I ( J . Then: DI2 ⊕D2 ⊕D
I
2 ∈ SBZL(D
J
2 ⊕D
J
2 ).
Proof. For all i, j ∈ J , let δi,j =
{
0, i 6= j,
1, i = j,
∈ D2. For every i ∈ I, let ai = (δi,t)t∈I ∈ DI2 ⊂ D
I
2 ⊕D2 ⊕D
I
2 ,
so that {ai : i ∈ I} = At(DI2) = At(D
I
2 ⊕D2 ⊕D
I
2). For every j ∈ J , let bj = (δj,t)t∈J ∈ D
J
2 ⊂ D
J
2 ⊕D
J
2 , so
that {bj : j ∈ J} = At(DJ2 ) = At(D
J
2 ⊕D
J
2 ). Let us consider the Boolean isomorphism h : D
I
2 → ({bi : i ∈ I}],
whose codomain is an ideal of DJ2 , given by h(ai) = bi for all i ∈ I. Define f : D
I
2 ⊕ D2 ⊕ D
I
2 → D
J
2 ⊕ D
J
2 ,
for all x ∈ DI2 , f(x) = h(x) and f(x
′) = h(x)′. Clearly, f is a BZ–lattice embedding of DI2 ⊕ D2 ⊕ D
I
2 into
DJ2 ⊕D
J
2 .
Lemma 7.3. For any cardinal numbers κ, µ with κ < µ:
• Dκ2 ⊕D
κ
2 ∈ HBZL(D
κ
2 ⊕D2 ⊕D
κ
2 );
• Dκ2 ⊕D2 ⊕D
κ
2 ∈ SBZL(D
µ
2 ⊕D
µ
2 );
• if κ ≥ ℵ0, then Dκ2 ⊕D2 ⊕D
κ
2 ∈ SBZL(D
κ
2 ⊕D
κ
2 ).
Proof. By Lemmas 7.1 and 7.2.
Note from the previous lemma that, for any cardinal numbers κ, µ with κ < µ, we have Dκ2 ⊕ D
κ
2 ∈
HBZL(SBZL(D
µ
2 ⊕D
µ
2 )) and D
κ
2 ⊕D2 ⊕D
κ
2 ∈ SBZL(HBZL(D
µ
2 ⊕D2 ⊕D
µ
2 )) ⊆ HBZL(SBZL(D
µ
2 ⊕D2 ⊕D
µ
2 )).
Proposition 7.4. • For any cardinal numbers κ, λ, µ with κ ≤ λ < µ, we have: VBZL(Dκ2⊕D
κ
2 ) ⊆ VBZL(D
λ
2⊕
Dλ2 ) ⊆ VBZL(D
λ
2 ⊕D2 ⊕D
λ
2 ) ⊆ VBZL(D
µ
2 ⊕D
µ
2 ).
• For any cardinal number κ ≥ ℵ0, VBZL(Dκ2 ⊕D
κ
2 ) = VBZL(D
κ
2 ⊕D2 ⊕D
κ
2 ).
• For any cardinal number µ, VBZL({Dκ2 ⊕D
κ
2 ,D
κ
2 ⊕D2 ⊕D
κ
2 : κ a cardinal number}) = VBZL({D
κ
2 ⊕D
κ
2 :
κ ≥ µ}) = VBZL({Dκ2 ⊕D2 ⊕D
κ
2 : κ ≥ µ}).
Proof. By Lemma 7.3.
For any n ∈ N \ {0, 1}, let us consider the equations:
FxPt(n) x∼1 ∨ . . . ∨ x
∼
n ∨ (
∧
1≤i<j≤n(xi ∧ xj)
∼ ∧ (x1 ∨ . . . ∨ xn)) ≈
x∼1 ∨ . . . ∨ x
∼
n ∨ (
∧
1≤i<j≤n(xi ∧ xj)
∼ ∧ x′1 ∧ . . . ∧ x
′
n)
No∧0(n) ((x ∨ x∼) ∧
∧
1≤i<j≤n(xi ∧ xj)
∼ ∧ (x1 ∨ . . . ∨ xn ∨ x∼1 ∨ . . . ∨ x
∼
n ))
∼ ≈ 0
Lemma 7.5. For any n ∈ N \ {0, 1} and any cardinal numbers κ ≥ n and λ > n:
(i) Dn2 ⊕D
n
2  FxPt(n);
(ii) Dλ2 ⊕D
λ
2 2 FxPt(n) and D
κ
2 ⊕D2 ⊕D
κ
2 2 FxPt(n);
(iii) Dn2 ⊕D2 ⊕D
n
2  No∧0(n);
(iv) Dλ2 ⊕D
λ
2 2 No∧0(n).
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Proof. (i) If, in FxPt(n), we take xi = 0 for some i ∈ [1, n], then we obtain 1 = 1. If, in FxPt(n), we replace
x1, . . . , xn by the n atoms ofD
n
2 ⊕D
n
2 , then both the lhs and the rhs equal the fixpoint of the Kleene complement
in Dn2 ⊕D
n
2 . Any other values for the variables x1, . . . , xn in FxPt(n) produce the equality 0 = 0.
(ii) Replace x1, . . . , xn in FxPt(n) by n of the at least n+1 atoms of D
λ
2 ⊕D
λ
2 , then by n of the at least n atoms
of Dκ2 ⊕D2 ⊕D
κ
2 .
(iii) For any x, x1, . . . , xn ∈ Dn2 ⊕D2⊕D
n
2 , x∨ x
∼ 6= 0 and
∧
1≤i<j≤n(xi ∧ xj)
∼ ∧ (x1 ∨ . . .∨ xn ∨ x∼1 ∨ . . .∨ x
∼
n )
is greater than or equal to the element u of Dn2 ⊕D2 ⊕D
n
2 that fulfills u ≺ u
′.
(iv) In No∧0(n), replace x1, . . . , xn by n distinct atoms of Dλ2 ⊕ D
λ
2 , and x by an atom distinct of those n
atoms.
Lemma 7.6. For any n ∈ N \ {0, 1} and any cardinal number λ > n:
• VBZL(D
n
2 ⊕D2 ⊕D
n
2 ) ∨ SAOL  No∧0(n);
• VBZL(Dλ2 ⊕D
λ
2 ) ∨ SAOL 2 No∧0(n).
Proof. By Lemma 7.5, Remark 6.1 and the clear fact that, for any n ∈ N \ {0, 1}, any antiortholattice with
SDM (equivalently, any antiortholattice with the 0 meet–irreducible) trivially satisfies No∧0(n), hence SAOL 
No∧0(n).
Remark 7.7. Note that SAOL 2 DIST, because, for instance, the antiortholattice D2⊕M3⊕D2 ∈ SAOL fails
DIST, while, for any cardinal number κ ≥ 2, the antiortholattices Dκ2 ⊕D
κ
2 and D
κ
2 ⊕D2 ⊕D
κ
2 fail SDM (in
particular DIST 2 SDM), hence VBZL(Dκ2 ⊕D
κ
2 ) ( VBZL(D
κ
2 ⊕D
κ
2 ) ∨ SAOL ) SAOL, VBZL(D
κ
2 ⊕D2 ⊕D
κ
2 ) (
VBZL(D
κ
2 ⊕D2⊕D
κ
2 )∨ SAOL ) SAOL and VBZL(D
κ
2 ⊕D2⊕D
κ
2 )∨SAOL ⊇ VBZL(D
κ
2 ⊕D
κ
2 )∨SAOL * DIST ⊇
VBZL(D
κ
2 ⊕D2 ⊕D
κ
2 ) ⊇ VBZL(D
κ
2 ⊕D
κ
2 ).
Note, from the latter statement, that, for any nonzero cardinalities κ, λ, VBZL(D
κ
2 ⊕D2 ⊕D
κ
2 ) ∨ SAOL ⊇
VBZL(D
κ
2⊕D
κ
2 )∨SAOL * VBZL(D
λ
2⊕D2⊕D
λ
2 ) ⊇ VBZL(D
λ
2⊕D
λ
2 ), hence the classes {VBZL(D
κ
2⊕D
κ
2 ), VBZL(D
κ
2⊕
D2 ⊕Dκ2 ) : κ > 0} and {VBZL(D
κ
2 ⊕D
κ
2 ) ∨ SAOL, VBZL(D
κ
2 ⊕D2 ⊕D
κ
2 ) ∨ SAOL : κ > 0} are disjoint.
Theorem 7.8. For any n ∈ N and any cardinal number κ > n:
(i) VBZL(D
n
2 ⊕D
n
2 ) ( VBZL(D
n
2 ⊕D2 ⊕D
n
2 ) ( VBZL(D
κ
2 ⊕D
κ
2 ) ⊆ DIST;
(ii) if κ ≥ 2, then VBZL(Dn2 ⊕ D
n
2 ) ∨ SAOL ⊆ VBZL(D
n
2 ⊕ D2 ⊕ D
n
2 ) ∨ SAOL ( VBZL(D
κ
2 ⊕D
κ
2 ) ∨ SAOL ⊆
DIST ∨ SAOL.
Proof. (i) By Proposition 7.4 and Lemma 7.5.
(ii) By Proposition 7.4 and Lemma 7.6.
So we have the following two disjoint infinite ascending chains, with n ∈ N \ {0, 1} in what follows:
• VBZL(D1) = VBZL(D
0
2 ⊕ D
0
2) ( VBZL(D2) = VBZL(D
0
2 ⊕ D2 ⊕ D
0
2) ( VBZL(D3) = VBZL(D
1
2 ⊕ D
1
2) (
VBZL(D4) = VBZL(D
1
2⊕D2⊕D
1
2) ( . . . ( VBZL(D
n
2 ⊕D
n
2 ) ( VBZL(D
n
2 ⊕D2⊕D
n
2 ) ( VBZL(D
n+1
2 ⊕D
n+1
2 ) (
VBZL(D
n+1
2 ⊕D2 ⊕D
n+1
2 ) ( . . . ( VBZL(D
ℵ0
2 ⊕D
ℵ0
2 ) = VBZL(D
ℵ0
2 ⊕D2 ⊕D
ℵ0
2 ) ⊆ DIST;
• SAOL ( VBZL(D22 ⊕D
2
2)∨ SAOL ⊆ VBZL(D
2
2 ⊕D2 ⊕D
2
2)∨ SAOL ( . . . ( VBZL(D
n+1
2 ⊕D
n+1
2 )∨ SAOL ⊆
VBZL(D
n+1
2 ⊕D2⊕D
n+1
2 )∨SAOL ( VBZL(D
n+2
2 ⊕D
n+2
2 )∨SAOL ⊆ VBZL(D
n+2
2 ⊕D2⊕D
n+2
2 )∨SAOL (
. . . ( VBZL(D
ℵ0
2 ⊕D
ℵ0
2 ) ∨ SAOL = VBZL(D
ℵ0
2 ⊕D2 ⊕D
ℵ0
2 ) ∨ SAOL ⊆ DIST ∨ SAOL.
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